Remark. -The class V contains all semi-algebraic sets. A P-set, in general, is not subanalytic (e.g. {(x^y) : x > 0, y = exp(--)}). If / is a x P-function, then so is exp/. If, in addition, / > 0, then log/, / a (a C R) are D-functions.
As a direct consequence of Wilkie's theorem [20] this class has the following substantial property.
THEOREM (Wilkie). -V = (Pn)ncN is a Tarski system, i.e.

IfA.Be Pn, then A U B, A H B and A \ B e Vn'
If Ac Pn+i, then 7r(A) € Pn, where TT : M 71 x R -> R 71 is the natural projection.
Proof. -See [19] , [20] (see also [11] ). D
Here we shall give some geometric properties of P-sets which will be used in the next sections.
PROPOSITION. (i) Every V-set has only finitely many connected components and each component is also a V-set.
(ii) The closure, the interior, and the boundary of a V-set are V-sets.
(iii) The composition ofV-maps is V-map.
Proof. -(i) follows from a Khovanskii result on fewnomials [6] , [7] and Theorem 1.5 below (see also [3] , [8] ). (ii) and (iii) follow directly from Theorem 1.2.
. D
DEFINITION. (i) A V-map f : A -^ W with A C W is called V-analytic if there is an open neighborhood U of A inW 1 , U e Vn and an analytic V-map F : U -^ IT
1 such that F\ . = /. (IIyi) For every function f : A -> R, A e 'Pyi, there is a T>-analytic decomposition of R 71 partitioning A such that for each cell C C A of the decomposition, the restriction f\ is V-analytic.
I
Proof. -For the proof see [3] , [4] or [9] . D 
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Remark. -The class of P-sets shares many interesting properties with those of semi-algebraic sets. For example, P-sets admit Whitney stratification, they can be triangulated, and continuous P-functions are piecewise trivial (see [3] , [9] , [11]).
Lojasiewicz-type inequalities.
2.1. DEFINITION. -For m e N define:
' ^^"expjN ote that expyy^ and (prn are T>-functions.
PROPOSITION.
(i) (po(t) = |^|, and for m > 0, (prn € C 00 and Qat at 0.
(ii) Vm,^eN,a^O, lim Proof. -See [4] , §9, Proposition 9.2 (see also [14] 
by exp^{\\x\\ + d(x°U)~1)
we obtain the inequalities in the case that A is locally bounded.
Similarly, Corollary 2.9 can be somewhat generalized as follows.
2.9\ COROLLARY. -Let X,Y be closed V-sets in an open V-set
TA LE LOI
Applications.
As a first application of the inequalities given in Section 2 we prove the Tietze-Urysohn theorem for the class of P-functions. Then / satisfies the demands of the proposition (see for example BochnakCoste-Roy, "Geometric algebrique reelle", Ch. 2, Prop. 2.6.9). D
In the differential analysis aspects, the behaviour of infinitely differentiable P-functions, briefly C°° P-functions, is quite bad.
Examples.
(i) (Bierstone [I] , Ex. 2.18). Let F be the complement of the open subset of R 2 denned by {(x,y) : 0 < y < e-1 /^2, x > 0}. Let / be the function on F denned by f(x,y) = e-1 /^2 if x > 0, f(x,y) = 0 otherwise. Then / is a continuous P-function on F, infinitely differentiable on int F and all partial derivatives of /i. extend continuously to F (in particular, to zero at the origin). But / is not the restriction of a C°° function on R 2 because if x > 0 then the difference quotient
(with the topology of uniform convergence of functions and all their partial derivatives on compact sets), that is, there exists a C°°f unction g on R 2 , g ^ fC°°(R 2 ) but for each (x, y) € M 2 the Taylor series of g at (x^y) belongs to the ideal generated by the Taylor series of / at (a-, y) in the ring of formal series. (In fact, / does not satisfy a Lojasiewicz inequality in any neighborhood of the origin.)
We introduce here the notion of<?M -flatness. It measures, in a certain sense, the "degree of flatness" of the contact of the zerosets of C°° functions with P-sets. -f) is the restriction of a C°° function on Q, by Hestenes lemma, and so is cr. The proposition follows. D
Global Lojasiewicz inequalities for analytic P-functions.
Throughout this section, let fl. be an open P-set of R
71
. We are interested in the class of analytic P-functions on 0. First we list some properties of this class:
It is a ring containing all (restricted) polynomials. From the rationality of Lojasiewicz's exponent of subanalytic functions on compact subanalytic sets (see [2] ) and the finiteness of the number of connected components of P-sets (Proposition 1.3), we obtain the global Lojasiewicz inequality for analytic P-functions. Then r is a P-function by Theorem 1.2. Definê Note that the sets which are taken infimum are not empty by the wellknown theorem on Lojasiewicz inequality for analytic functions on compact subanalytic sets. So £ is well-defined. £. is a P-function, by Theorem 1.2.
(To assure this we can directly verify as follows: Consider Then X^ = ^(Xs), where Trs^,^,^,^',?;,^) = (x,a,C,x'). But Xs is of the form Xs = S H F'^O), where 5' is a P-set and F : 6' -^ R is a P-function.
So X^ is a P-set. This implies X is a P-set. By a similar way one can check that graph^ = {(a; 
where F is as in (iii) of Theorem 4.1. Proof. -Using the notation in the proof of Theorem 4.1, instead of , we define
Once again, carrying out the same argument as in the proof of the theorem, but now replacing i by -^2 5 we obtain the proposition. D 4.5. Remark. -Tougeron in [18] proved global Lojasiewicz inequalities for functions in the exponential extensions of rings contained in a certain class of weakly Noetherian rings of analytic functions (see [16] , [17] for the precise definition). Here we present a simple proof of these inequalities for analytic P-functions, this class is much larger than the exponential extension of the ring of polynomials.
As an application of the global Lojasiewicz inequality in Theorem 4.1, we prove the next proposition which is analogous to a theorem of Lojasiewicz [12] Note that functions in An (resp. An-semianalytic sets) are P-functions (resp. P-sets). So, by Theorem 1.2, Y^ and 7r(Y^) are P-sets. Suppose the assertion of the lemma is false, i.e. dim^Yy) = dimT^. Then, by Theorem 1.5, there is a cell U C ^(Yij) with dim U = dim 7^. By Proposition 1.6 there is a P-map p'.U -> Yij\U such that p(t) = (x(t),t), t € U. By theorem 1. Since (a?o^o) € y^|(7 and ^ is its neighborhood, there exists (x,t) e X\Tij such that
\\(x,t) -(xo,to)\\ < j, ki(x,t) >M,te 7r(K), \\p(t) -p(to)\\ < j.
From the last inequality x € ~B(x(t),r(t),t)). This implies ki(x,t) < snpik^x^t) : x 1 e B(x{t),r(x(t),t))} = d(x,t) < M.
It is a contradiction. The proof of the theorem is complete. D
The following propositions have a similar argument. 
